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Technical Comments.
Comment on " Span wise Distribution of
Induced Drag in Subsonic Flow by the

Vortex Lattice Method"

G. J. HANCOCK*
Queen Mary College, University of London, England

A REACTION to Ref. 1 might be of some interest. The
first point concerns the over-all philosophy of approach.

To calculate the induced drag the authors determine the
down wash at the midpoint on each bound vortex element and
then sum the induced drags (downwash X bound vortex
strength) for all elements. It is found that the total induced
drag is underestimated compared with the exact, Trefftz
plane, value. Although the vortex lattice method leads to a
finite lift, strictly it implies an infinite induced drag, because
the induced drag of each single horseshoe vortex line is itself
infinite. The authors bypassed this point without comment
by their approximate technique. It might be argued that the
degree of approximation inherent in the calculation of the
induced drag in Ref. 1 is consistent within the general context
of the vortex lattice method. But such an argument requires
further examination. The success of the vortex lattice
method depends on the fact that the downwash condition is
satisfied on the average over the wing surface; in effect the
infinities in downwash across all vortex lines tend to cancel
out. But this argument does not hold for the induced drag
since the infinities in induced drag across trailing vortex lines
do not tend to cancel out, downwash velocities are equal and
opposite on either side of a trailing vortex line but the
strengths of the bound vorticity differ. What is fairly clear,
however, is that the method of calculation in Ref. 1 gives the
lowest estimate for the induced drag since the downwash at
the midpoint on a bound vortex line is a minimum. Refer-
ence 1 shows therefore that this minimum estimate of total
induced drag is not too far removed from the exact value;
it might be anticipated that, apart from the value of the total
induced drag, the spanwise distribution over the wing should
be reasonable.

The second point is somewhat more fundamental. A de-
fect in Ref. 1 is that there is no explanation of why the authors
calculated the induced drag in the manner that they did.
Admittedly the purpose of the paper is directed towards the
spanwise distribution of induced drag but there is an implied
chord wise distribution. And this chord wise distribution is
incorrect. To go back to first principles, the induced drag has
two contributions; one arises from the inclination of each ele-
mental lift vector, through the inclination of each element to
the stream direction, while the other is the negative contribu-
tion from the leading-edge thrust. Reference 1 does not
distinguish between these two effects. If a more fundamental
approach had been adopted, then an alternative method of
calculation of the induced drag from the vortex lattice model
would have been

Induced drag = X) [(elemental load) X
all

elements

(elemental stream wise inclination) ] —

leading-
edge

elements
only

[(elemental load) (elemental area)] (1)

Equation (1) is a more direct method than that described in
Ref. 1, since it does not include the calculation of any further
downwash velocities.

Equation (1) leads to an insight into the method outlined in
Ref. 1, where the formula for the induced drag is basically

Induced drag = XI {(elemental load) X
all

elements

(incidence at ^ point)} (2)

The difference between Eqs. (1) and (2) shows that, by taking
different downwash velocities on each element, Eq. (2) es-
sentially redistributes the concentrated leading-edge thrust
force over the entire chord. It would be instructive to com-
pare Eqs. (1) and (2) and check whether or not Eq. (1) leads
to any improvements.

A specific reason for suggesting that the method of calcula-
tion should follow from the application of Eq. (1) is prompted
by the throw away statement in the last paragraph in Ref. 1
which states that the method outlined in Ref. 1 can be used
for certain quasi-steady rotary derivatives. Without further
proof this statement is unacceptable. For example, consider
the simple problem of the induced drag on a rolling wing.
Now a rolling wing has only an induced thrust because the
element inclination to the stream direction is zero, so from
Eq. (1) only the leading-edge thrust contribution remains;
this is an example where the elemental inclination is not
identical to the elemental incidence. Thus, the method out-
lined in Ref. 1, as expressed in Eq. (2) would give completely
the wrong answer; to start with, even the sign would be
wrong.

The authors of Ref. 1 have amply demonstrated in their
many publications that the vortex lattice method is a powerful
and reliable tool; it is hoped that the above remarks help
clarify some of the fringe applications.
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Reply by Authors to G. J. Hancock

T. P. KALMAN,* J. P. GIESING,f AND W. P. RODDEN{
Douglas Aircraft Company, Long Beach, Calif.

THE vorticity distribution on any lifting surface is con-
tinuous. A discontinuity in vorticity would cause an

infinite induced drag. In our Note this continuous distribu-
tion is replaced by a vortex-lattice system. As with many
numerical approaches, this replacement system is valid only
at a specific set of collocation points. For lift and moment
calculations, the •§• chord point on the spanwise centerline of
each element must be used. This same collocation point
could be used for drag if the leading-edge suction could also be
calculated directly as in Hancock's Eq. (1). James1 has
shown for a large number of chordwise elements that, in the
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